(1) where m j (R) is the magnetic moment of the j th magnetic atom of the cell, the origin of which being caracterized by the coordinate R. The sum k is over different equivalent k vectors deduced one from the other by the symmetry elements of the crystal point group (the star of k vectors).
In order to sort the magnetic structures which are compatible with the crystal symmetries, one chooses, as explained in the former chapters [1] one particular k vector of the star of k vectors, which defines the "little group" G k (or "group of vector k"), the subgroup of the space group G which contains all the symmetry operators of G which keep the propagation vector k unchanged. Inside this little group G k , one writes down the "natural" representation, that is the set of matrices which represent how the operators h i of G k transform the components s 
would remain unchanged under all the symmetry operations of the space group, operations which act on the propagation vector k, on the exchange integrals J(k) and on the Fourier components s k j .
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Formula (1) corresponds to a multi-k magnetic structure in that sense that the magnetic moment is a sum of Fourier components s k j belonging to different k vectors of the star of k vectors 1 .
A special attention must be brought to propagation vector k = −k.
On the first hand m j (R) is a real pseudovector and therefore s 
On the second hand, when k = −k is present in the star of k vectors, one feels intuitively that excluding from the little group G k all the symmetry operations which transform k in −k results in a loss of information, even if the −k propagation vector is reintroduced at the end of the process when applying formula (1 ) to recover the real magnetic moments.
It is the aim of this chapter to show how it is possible to take advantage of the existing symmetry operations which transform k in −k in the symmetry analysis of the magnetic structures. This has already been done by Bertaut [2] , Rossat Mignod [3] and Schweizer [4] who used a symmetry operator "time inversion" to do it. Here, we will make use of the operator "conjugation" and take advantage of the Wigner corepresentations instead of the usual representations of the group theory. A working example will be treated in detail to show how it works and other examples will underline the interest of the method. Finally, the relation between the conjugation method adopted here and the time inversion method used earlier will be discussed.
II. TAKING ADVANTAGE OF THE CONJUGATION: THE MAGNETIC LITTLE GROUP
Let us consider the case where vector k = −k is present in the star of vectors k. That means that among the operators h i of the space group G, there are operators of type h 0 such that h 0 k = −k. Let us for instance consider the simplest of these operators, inversion1 = h 25 according to Kovalev notations [5] , which reverses k but has no action on the magnetic moments. When such an operator is applied to the equation of an helix: m(R) = (u+iv)e −ikR + (u−iv) e +ikR (3) it transforms it in the equation of an helix of the opposite chirality:
1m(R) =1 (u+iv) e −ikR + (u−iv) e +ikR = (u+iv) e +ikR + (u−iv) e −ikR (4) Let us now consider the operator conjugation C. When applied to the magnetic energy represented by equation (2) , it keeps it unchanged as the magnetic energy is real. When applied to our former helix equation (3) , it conjugates the exponentials as does the inversion operator, but it conjugates also the magnetic moments, leaving in fine the magnetic helix unchanged:
Cm(R) = C (u+iv) e −ikR + (u−iv) e +ikR = (u−iv) e +ikR + (u+iv) e
When applied to the magnetic structure described by equation (1 ), it lets it unchanged, in spite of the fact that it conjugates all the elements:
1 Let us remind that this theory does not predict the phase differences which exist between the Fourier components s k j which enter this sum and which correspond to different vectors k.
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Now, if one associates operator inversion1 and operator conjugation C and apply them together to the helix equation (3) , one gets an helix of opposed chirality:
where (u − iv) = (u + iv) * is associated to e −ikR and (u + iv) = (u − iv) * is associated to e +ikR . And, if we apply the same two operators to the magnetic structure described by equation (1 ), we obtain the following moments:
where operator1 changes atom j in atom j', but does not change the magnetic moments s. In the resulting structure s * k j is associated to e −ikR and s * −k j is associated to e +ikR . Finally, if one associates together an operator h 0 , which reverses k, and operator conjugation C, we get an operator a (a = h 0 C = Ch 0 ) for which the representation of a translation T is e −ikT , the same exponential as for all the operators of the little group G k , while it would have been e +ikT for each of these operators h 0 or C taken separately. j . However there is a price to pay: operator a = h 0 C = Ch 0 is antilinear (a( s) = * a(s)) while all the operators of the space group G are linear (h( s) = h(s)). This will induce some complications.
Following Bradley and Cracknell [6] , we can now construct the magnetic group M which is composed, in the paramagnetic state, of all the operators of the space group G plus all these elements associated with the conjugation operators C (M = G + CG). The magnetic little group M k (or the magnetic group of vector k) consists now of all the operators of G k which keep unchanged the propagation vector k plus all the elements of G which reverse the vector k (k = −k), associated with the conjugation operator C.
Practically, 3 different cases may occur: 1) There is no symmetry operator h 0 in the group G which reverses the vector k (−k does not belong to the star {k}). We have then
2) −k belongs to the star {k} but −k is equivalent to k, which means that either k = 0 or −k = k + K, where K is a reciprocal lattice vector. This leads to:
3) −k belongs to the star {k} and is not equivalent to k. One may choose in G an operator h 0 which transforms k in −k which, associated with C, constitutes the "reversing operator" a 0 : and white group) 00011-p.3
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In these two last cases, the number of elements in M k is the double of the number of elements in G k . As these elements are linear and antilinear operators, it is not possible to use the theory of representations as it stands. One has to use the theory of co-representations. We shall treat these two cases (2) and (3) together, considering for case (2) that a 0 = eC, e being the operator identity.
III. LINEAR AND ANTILINEAR OPERATORS: THE WIGNER CO-REPRESENTATIONS
The theory of co-representations has been developed by Wigner [7] 
Let us examine now the action of an antilinear operator a i on a basis vector of type s
and on a basis vector of type s * k j :
Hence, with a summation on the first index of the matrix elements:
The set of matrices (11) and (12) is the co-representation of M k derived from the representation of G k , which we denote c . They do not obey the usual relation for a representation: According to the choice which is made, the corresponding "natural representation" is written in a different way.
Coming now to the co-representations of the little groups, they include antilinear operators ("grey" groups or "black and white" groups) and we have twice more coordinates, the s k j and the s * k j that we can consider now as the coordinates of a 6n dimension vector in the following way: the vectors e k j and e * k j being the unitary basis vectors corresponding to atom j in this 6n-dimension space.
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As for the natural representation, it is possible to write down a "natural co-representation" which represents the action of the different operators (linear and antilinear) on the 6n-dimension vector. And as for the natural representation, one can choose the action of the operators on the coordinates s 
V. THE IRREDUCIBLE CO-REPRESENTATIONS
The recipe to build a co-representation from an irreducible representation ν of the little group G k is the same as that given above by matrices (11) and (12). However we are not guaranteed that such a co-representation is irreducible and sometimes it is not the case. This point is thoroughly explained in references [5] [6] [7] . There are 3 different cases depending on the value taken by the sum a j (a 2 j ), sum over all the antilinear operators a j , noticing that the operators a 2 j are of type h, which means linear operators. Let us note that this criterion is often called reality criterion as it is used to know whether an irreducible representation is real, pseudo-real or complex. 
Case (a):
c + ν (h i ) = ν (h i ) c + ν a j = ν a j a −1 0 (15) c − ν (h i ) = ν (h i ) c
Case (b):
The irreducible representation ν is transformed in an irreducible co-representations with an order twice larger:
also with an auxiliary matrix which is tabulated in [5] .
Case (c):
a j (a 2 j ) = 0 In this case it exists another irreducible representation of G k : ν distinct from ν (with ν = ν), such as:
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These two conjugate irreducible representations ν and ν join together to give an irreducible representation c ν+ν of the magnetic little group M k , with an order twice larger than the order of ν and ν .
The situation where the magnetic group is equivalent to the Fedorov group (M k = G k ) implies also, in a trivial way, the relation a j (a 2 j ) = 0, as the magnetic little group contains no antilinear operator of type a j . The vector −k, though it does not belong to the star of vectors {k}, is associated to vector k by the conjugation operator: there is no additional degeneracy inside the group G k , but an extra degeneracy exists which associates, with the same magnetic energy, the Fourier component s In practice, for all little groups G k , that is for the 230 space groups and all the possible symmetries of the propagation vector k, references [5] and [6] indicate whether the different irreducible representations of G k belong to case (a), (b) or (c). Furthermore, reference [5] gives also the auxiliary matrix when it is different from unity.
VI. A WORKING EXAMPLE: PrPtAl [8]
VI.1 Représentation analysis
PrPtAl crystallizes in space group Pnma (D Pr atom International Tables
Below the Néel temperature, the Pr atoms order magnetically with a propagation vector k = (0, 0, k z ).
We write down the natural representation of the magnetic moments in this little group G k . In this example, we choose to use the active operator approach and write down how the operators act on the coordinates s k j , and later s * k j of the magnetic moments. We shall do it in two substeps. First we write down how the 4 rotation (or rotation-inversion) operators of G k transform one Pr position in another Pr position. Then we write the action of the operators on the components of the magnetic moments, including the labels of the Pr positions. We have to remind here that we deal with pseudo-vectors (axial vectors): for h 1 and h 4 which are proper operators we take the same transformations as those reported in the International Tables; for h 26 and h 27 we change all the signs.
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The quantity a −2 = e −2i k z represents the translation t i to the next cell which occurs for some of the rotation (or rotation-inversion) operators.
We have written the characters of this natural representation k . The writing of the 4 matrices 12 x 12 of this representation is obvious but takes too much space. Moreover, it is not really necessary.
We shall now reduce this representation k in irreducible representations ν of the little group. We take in Kovalev's text books [5] the following table for the loaded irreducible representations: There are all of order 1.
And we find the irreducible representations by applying ν =ˆ ν e −ik.v i where v i are the fractional translations of the operators (h i |v i ) in the non symmorphic groups.
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Irrep h 1 h 4 h 26 h 27 (x,y,z) (−x+1/2,−y,z+1/2) (−x+1/2,y+1/2,z+1/2) (x,−y+1/2,z) 
, which leads to the following reduction:
We get all the new coordinates by applying the projection operator P 
VI.2.2 The natural co-representation
Then we want to figure out the natural co-representation c k which expresses the action of all the operators of the group M k on the magnetic components s 
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2) When a rotation (or a rotation-inversion) sends an atom in a next cell, we have to keep in mind that we are here in the co-group of the vector k and the translation part of the co-representation is e −ikT for a translation which applies as well on a component s 
VI.2.3 Irreducible co-representations
To check the dimension of the irreducible co-representations we have two possibilities: -Either we look in the Kovalev book in which it is stated that in space group Pnma, with k = (00k z ): each of the 4 one-dimension irreducible representations ν will give two one-dimension irreducible co-representation c ν + and c − ν and that these corepresentations are equivalent. -Or we make use of the reality criterion applied to the irreducible representations of the G k group and calculate the value taken by the sum j (a 2 j ), the a j operators being all the operators of the Ch 25 G k group. As this sum is equal to 4, the number of operators in the G k group, the order two co-representation built from each irreducible representation of G k by using matrices (11) and (12) 
VI.2.4 Decomposition of the natural co-representation
The decomposition of the natural co-representation into the irreducible co-representations becomes:
The new components for each irreducible co-representation are obtained with the projection operators applied in principle to the more general linear combination of components s k j, and s * k j, :
We get the following components:
For co-representation c 
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For co-representation c The magnetic components deduced from these relations are given as usual by assuming that if the magnetic structure belongs to co-representation c For the magnetic structure corresponding to this irreducible co-representation, there are two quantities to be determined experimentally: the amplitude of the modulated moments 2 and the phase difference 2 between the moments of atoms Pr 3 and Pr 1 (as well as between atoms Pr 4 and Pr 2 ). The phase difference between atoms atoms Pr 2 and Pr 1 (as well as between atoms Pr 4 and Pr 3 ) is determined by the propagation vector of the magnetic structure. Before the use of co-representations, there remained 3 parameters to be determined: 2 lengths and one phase. 
If the structure belongs to this irreducible representation, there will be 4 parameters to be determined experimentally: the amplitudes of the x and the z components of the magnetic moments 2 and 2 and 00011-p.14
also the phase differences 2 between the x components of the magnetic moments of atoms Pr 3 and Pr 1 and 2 between the z components of the same atoms, these two phases being different a priori. Before using the co-representations, 7 parameters remained to be determined: 4 lengths and 3 phases.
The magnetic structures corresponding to co-representations c 3 and c 4 are the same as those of c 2 and c 1 , but with a change of sign in the couplings.
VII. THE USEFULNESS OF CO-REPRESENTATIONS: OTHER EXAMPLES
From the 3 cases of irreducible co-representations listed above, case (b) is very rare. We shall give very simple examples of cases (a) and (c) to demonstrate the information that can be brought by co-representations.
VII.1 Helices in an acentric tetragonal group (Fedorov group)
Let us consider one magnetic atom at the origin of the cell of space group P4 (space group n
• 75), with a propagation vector k = (0, 0, k z ). The space group contains 4 symmetry elements: h 1 (x,y,z), h 4 (-x,-y,z), h 14 (-y, x,z) and h 15 (y,-x,z) according to Kovalev's notations [5] .
As there is no vector −k in the star {k} (acentric structure), there is no h 0 operator in the space group and M k = G k . The possible magnetic structures can be predicted by the representation analysis only. No co-representation treatment is possible.
Contrarily to the working example of PrPtAl, we shall use here and in the following examples the passive operator approach that is the action of the operators on the basis vectors e j . The following table  figures The next table shows the irreducible representations, as taken from ref [5] .
Representation h 1 h 4 h 14 h 15
The decomposition of the natural representation of the basis vectors is:
The application of the projection operators on the 3 subspaces corresponding to the 3 irreducible representations yields the 3 new basis vectors:
and as the solution is one-dimensional, the most general answer is any vector parallel to E 1 s k = me i E 1 = me i e These three structures, and particularly the two helices, corresponding to different irreducible representations, are not supposed to have the same magnetic energy and are not degenerate.
VII.2 Helices in a centric tetragonal group (black and white, cases a and c)
We consider now the same magnetic atom at the origin of the cell but in the space group P4/m (space group n
• 83), with the same propagation vector k = (0, 0, k z ). The space group contains now 8 symmetry elements: as before h 1 (x,y,z), h 4 (-x,-y,z), h 14 (-y, x,-z) and h 15 (y,-x,z), but also the 4 operators resulting from the presence of the inversion operator : h 25 (-x,-y,-z), h 28 (x,y,-z), h 38 (y,-x,-z) and h 39 (-y,x,-z).
Here, the structure is centric: −k belongs to the star {k}. The little group G k is restricted to the 4 operators h 1 , h 4 , h 14 and h 15 , as in the former case for the acentric structure. But, when including conjugation, the magnetic little group M k = G k + Ch 25 G k is black and white: it contains now 8 elements, with the reversing element Ch 25 .
The next Ch 39 vector (x,y,z) (-x,-y,z) (-y,x,z) (y,-x,z) (-x,-y,-z) (x,y,-z) (y,-x,-z) (-y,x,-z) e 
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Ch Ch Ch Ch
The decomposition of co-representation c k into irreducible co-representations is the following:
In the space of complex vectors e k and e −k , the application of the projection operators on the 3 subspaces corresponding to the 3 irreducible representations yields the new basis vectors:
for c give two solutions which just differ by a coefficient i, and which provide the same modulated magnetic structure along Oz. Co-representation c 2+4 gives two basis vectors and their transformations (conjugation plus change of k in −k). Each pair contains the 2 chiralities u − iv and u+iv in the basal plane. As in the first example, both helices are compatible with the symmetries. But in this centric case, the two helices correspond to the same irreducible co-representation: they have the same energy and may coexist in the crystal. They can also mix together to give a 2-dimension solution: the whole plane xy.
VII.3 Modulations in an orthorhombic group (black and white group, case a)
Let us consider the space group Pmmm (n • 47) with two atoms in the unit cell: atom 1 in (0,y,0) and atom 2 in (0,-y,0). This space group contains 8 rotation (rotation-inversion) operators: h 1 (x,y,z), h 2 (x,-y,-z), h 3 (-x,y,-z), h 4 (-x,-y,z), h 25 (-x,-y,-z), h 26 (-x,y,z), h 27 (x,-y,z) and h 28 (x,y,-z).
Below the Néel temperature, the atoms order magnetically with a propagation vector k = (k x , 0, 0). 
VII.3.1 Let us first apply the representation analysis
We get all the new basis vectors by applying the projection operator P ν = i [ ν (h i |v i )] * k (h i |v i ) to all the old basis vectors, and we obtain the new basis vectors:
which means a sinusoid which propagates along Ox, with the moments along Oz of atoms 1 and 2 equal and opposed to each other. In such a structure there remains one parameter to be determined experimentally: the length of the moments. which means that the x components of atoms 1 and 2 are equal and parallel while the y components are equal and opposed. Three parameters remain to be determined experimentally: the values of the 2 components and the phase difference between them. The magnetic structures for 3 and 4 are the same as those of 2 and 1 with a change of sign in the coupling between the atoms 1 and 2.
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VII.4 Let us now introduce the conjugation operator and use the co-representations
The magnetic little group is black and white: M k = G k +Ch 25 G k with the reversing element a 0 = Ch 25 where h 25 is the inversion operator (-x,-y,-z). This group has now 8 elements: h 1 , h 2 Ch 4 (x,y,z) (x,-y,-z) (x,-y,z) (x,y,-z) (-x,-y,-z) (-x,y,z) (-x,y,-z) (-x,-y,z) atom 1 atom 1 atom 2 atom 2 atom 1 atom 2 atom 1 atom 1 atom 2 atom 2 atom 2 atom 1 atom 1 atom 2 atom 1 atom 2 atom 2 atom 1
Then we want to figure out the natural co-representation c k which expresses the action of all the operators of the group M k on the basis vectors e k j and e * k j . The action of all the operators of the small co-group M k = G k +Ch 25 G k is given in the next Ch 4 vector (x,y,z) (x,-y,-z) (x,-y,z) (x,y,-z) (-x,-y,-z) (-x,y,z) (-x,y,-z) ( The reality criterion gives a value of the sum j (a 2 j ) equal to 4 for all the irreducible representations of the group G k . Therefore all the irreducible co-representations of M k correspond to case (a). They are given in the next table:
The new basis vectors for each irreducible co-representation are obtained with the projection operators applied to the components e k j, or e * k j, : We get the following vectors:
For co-representation c
which means a sinusoid which propagates along Ox, with the moments along Oz of atoms 1 and 2 equal and opposed to each other as that found with representation analysis.
For co-representation c
− 1
which is the same solution as that found just above, apart from a coefficient i (phase difference of /2).
For co-representation c 1y − e * k 2y ) which represents a modulation which propagates along Ox with components x parallel and components y antiparallel. But now the phase difference between the two components is determined by the symmetry: the two components are in quadrature. There are only two parameters which remain to be determined experimentally, two instead of three : the lengths of the two components. 00011-p.20
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For co-representation c The magnetic structures for c 3 and c 4 are the same as those of c 2 and c 1 with a change of sign of the coupling between the atoms 1 and 2.
The interest of this example lies in the prediction of a /2 phase difference between the x and y components of the two chains of moments which modulate along Ox. This phase difference is the result of the Dzialoshinski-Moriya coupling between each moment m j (R) and its neighbours m j (R − a) and m j (R + a) along the chain. Let us assume that there is a modulation of the x component: due to the D-M antisymmetric coupling, the y component will also modulate. For symmetry reasons, the D-M vector is parallel to Oz and the coupling energy is of the type 
VIII. CONCLUSION: CONJUGATION AND TIME INVERSION
The results thus obtained are, as expected, all compatible with those of the usual representation theory, but, in many cases, they bring more relations between the components of the Fourier components. It would be a pity to neglect this extra information in the treatment of the experimental data.
In simple cases, there are other ways to treat the symmetry operators which transform k in −k in the frame of group theory. Reference [9] compares different approaches with and without use of co-representations to find the magnetic structure of CeAl 2 , a cubic compound with 2 atoms in the asymmetric unit. The method presented in this paper has the advantage to be general. It may be applied easily because the co-representations of all the space groups have been tabulated for any symmetry position of the propagation vector. It can also be implemented in the computer programs which exist already and would permit to find the extra details evoked higher in the search of magnetic structures in large unit cell crystals.
In former publications, co-representations have been used as a consequence of the introduction of the operator "time inversion" [2, 3] . There is however an ambiguity in defining the time inversion operator. It certainly changes the signs of the magnetic moments as it reverses the direction of the current loops which create the magnetic moments. But, as pointed out by Villain [10] , in such cases of classical (and not quantum) moment problems, there are two possibilities to define the time inversion: either as a linear operator or as an antilinear operator. If it is defined as a linear operator, its introduction in the representation theory of magnetic moments does not bring any more information than the usual theory without making use of this time inversion operator, as was shown in reference [11] . If it is antilinear, it leads to the use of the co-representations and the results are exactly the same as those which are obtained with the conjugation operator. We have chosen here to work with the conjugation operator as it is simpler to manipulate (there is no sign change for the magnetic moments) and it is easier to understand its role: it keeps invarient the magnetic energy because the magnetic energy is a real quantity.
